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What do these integrals converge to?

lim /OO cos(ax)f(x)dx
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What do these integrals converge to?

al;moo/_oocos(ax)f(x)dx = 0



What do these integrals converge to?
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What do these integrals converge to?

[o@)
lim cos(ax)f(x)dx = 0
a—00
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b
lim / f(x)|sin(ax)|dx = 2fbf(x)dx
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What do these integrals converge to?
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—00

b
lim / f(x)|sin(ax)|dx = 2fbf(x)dx
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What do these integrals converge to?

lim /OO cos(ax)f(x)dx = 0

a—0o0

b
alem/ f(x)|sin(ax)|dx = %fab f(x)dx
2T
OéIi_)mOQ% A f(x)B(ax)dx = (2177 fozﬂ f(x)dx) (i 0277 B(X)dx)



What do these integrals converge to?



What do these integrals converge to?

b
alem/ f(x)|sin(ax)|dx = %fab f(x)dx
N N . .
ozll—>moo§ A f(x)B(ax)dx = (% 02 f(x)dx) (i 02 B(X)dx)

()
I|m/_ wf(x)dx = 27 ez F(27k)



Riemann—Lebesgue on the Torus

Lemma (Riemann—Lebesgue on T)

For f € LY(T), we have |F(f)(m)] =0, m — co.



Riemann—Lebesgue on the Torus

Lemma (Riemann—Lebesgue on T)

For f € LY(T), we have |F(f)(m)] =0, m — co.

The Fejér kernel is an approximation of the identity on the Torus and a trigonometrical
polynomial:
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Riemann—Lebesgue on the Torus

Lemma (Riemann—Lebesgue on T)

For f € LY(T), we have |F(f)(m)] =0, m — co.

The Fejér kernel is an approximation of the identity on the Torus and a trigonometrical
polynomial:

2 ( nx

ssp<x>:s”‘.22§)): > (1-E) e pen

n sin n
|k|<n—1

Let P be a trigonometric polynomial with |[f — P[y1(1) < e. If [m] is larger than the
degree of the polynomial, then F(P)(m) = 0 and we observe

[F(F)(m)| = [F(F)(m) = F(P)(m)| < [If = Pllxry <e.



Lemma (Riemann—Lebesgue on RY)

For f € L1(RY), we have

/ sin(671x)f(x)dx — 0, & — 0.
Rd

f(z)sin(671x), 60
A




Lemma (Generalised Riemann—-Lebesgue Lemma, Kahane [1])

For f € L1(R) and B € L=(R) symmetric, we have

51
//3( _lx)f(x)dx—>2l\/l(/)’)/ f(x)dx, 0 —=0, M(B):= lim 5/ B(x)dx.
R R

6—0 0

f(x) sin? (6 'z),

A




Lemma (Generalised Riemann—-Lebesgue Lemma, Kahane [1])

For f € L}(R) and 3 € L™(R), we have

/RB( ) f(x)dx — (/;OO f(t)dt> M (B+) + </0 f(t)dt> M(B-), - 0.

— 00

f(z)sin(61tz) sin(6~ sx),
A




Riemann—-Lebesgue: Deterministic wave equation

The solution to the deterministic wave equation
D2 u(t,x) =992 u(t,x), u(0,x)=up(x), d:u(0,x)=w(x), x€R, t>0,

is given by d'Alembert’s formula

x+\ft
u(t, x) = f[uo(x—ft)+uo(x+\ft /



Riemann—-Lebesgue: Deterministic wave equation

The solution to the deterministic wave equation
O2u(t,x) = 902 u(t,x), u(0,x)=up(x), O:u(0,x)=w(x), xeR, >0,

is given by d'Alembert’s formula
x+ft
u(t,x) = f[uo(xfft)qLuo(er\ft]Jr /
= [C(t)wo](x) + [S(t)vo](x),

where C(t) and S(t) are the cosine and sine families associated to the wave equation.

cos(x) = (eX 4+ e ™) /2,  C(t) = cos(tivVVdy) = %(T(t) + T(-1t)).



Riemann—-Lebesgue: Deterministic wave equation

The total energy £ remains constant in time:

H\/@@xu(t)lliz(m + Hatu(t)H%?(]R) =& = H\/EaXUOH%?(R) + HV0||%2(R), t>0.

potential energy kinetic energy



Riemann—-Lebesgue: Deterministic wave equation

The total energy £ remains constant in time:

H\/@@xu(t)lliz(m + Hatu(t)H%?(]R) =& = H\/EaXUOH%?(R) + HV0||%2(R), t>0.

potential energy kinetic energy

Let vp = 0. Then,

D00y~ 0r(0) ey =40 | cb(Eup(er2vTtnae = 22 [ Janfe)Pet P -
R



Riemann—-Lebesgue: Deterministic wave equation

The total energy £ remains constant in time:

IV90,u(e) oy + 10:u(D) gy = € 1= V00t By + vollEagys £ 0.

potential energy kinetic energy

Let vo = 0. Then,

ﬂIIOXU(t)f2(R)—|8rU(t)llf2(R)24?9/116( Jup(§+2V0t)de / w)[2e2VIdw — C
R

Equipartition of energy
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tll)rgo ‘|\/1§axu(t)Hi2(R) - tll)nclo Hatu(t)Hi2(R) = E



Riemann—-Lebesgue: Deterministic wave equation

The total energy £ remains constant in time:

IV90,u(e) oy + 10:u(D) gy = € 1= V00t By + vollEagys £ 0.

potential energy kinetic energy
Let vp = 0. Then,
I|0xu(t)||F2 ()~ 10cu(t) | 2y = ‘“9/]R up (&) up(§+2v/0t)d¢ / |do(w)|2e2 V7 du — €
Equipartition of energy
. ) E
Jim VI0u(8) Baqay = Jim 10:(8) By = 5-

An operator A such as iv/490, satisfying e — 0 as |t| — oo in the weak operator

topology is called a Riemann—Lebesgue operator.



Riemann—-Lebesgue: Stochastic wave equation

The stochastic wave equation with unknown parameter ¥ > 0:

D2 u(t,x) = 992 u(t,x) + W(t,x), xeACR, t>0.



Riemann—-Lebesgue: Stochastic wave equation

The stochastic wave equation with unknown parameter ¥ > 0:
D2 u(t,x) = 992 u(t,x) + W(t,x), xeACR, t>0.

Solution of stochastic wave equation on the unbounded domain A = R with Riesz
noise E[W;s(t, x)Ws(s,y)] = |x — y|28(t — s) for (8 € (0,1); up = vo = 0):

u(t, x) / /Gt (X =) dWs(s,y),  Ge(x) = (V) ML(|x| < Vt).



Riemann—-Lebesgue: Stochastic wave equation

The stochastic wave equation with unknown parameter ¥ > 0:
D2 u(t,x) = 992 u(t,x) + W(t,x), xeACR, t>0.

Solution of stochastic wave equation on the unbounded domain A = R with Riesz
noise E[W;s(t, x)Ws(s,y)] = |x — y|28(t — s) for (8 € (0,1); up = vo = 0):

u(t, x) / /Gt (X =) dWs(s,y),  Ge(x) = (V) ML(|x| < Vt).

The spatial solution process (u(t, x),x € R) is stationary with the covariance function

¢(y) = Cov(u(t,x),u(t,x+y)) = 7719;/2/Rcos(yw/\/§) (1 — sine(2tw)) |w|?3dw.



Riemann—-Lebesgue: Stochastic wave equation

The stochastic wave equation with unknown parameter ¥ > 0:
D2 u(t,x) = 992 u(t,x) + W(t,x), xeACR, t>0.

Solution of stochastic wave equation on the unbounded domain A = R with Riesz
noise E[W;s(t, x)Ws(s,y)] = |x — y|28(t — s) for (8 € (0,1); up = vo = 0):

u(t, x) / /Gt (X =) dWs(s,y),  Ge(x) = (V) ML(|x| < Vt).

The spatial solution process (u(t, x),x € R) is stationary with the covariance function

¢(y) = Cov(u(t,x),u(t,x+y)) = 7719;/2/Rcos(yw/\/§) (1 — sine(2tw)) |w|?3dw.

Spatial ergodicity

1 L t 1 1
\% (2L /_Lu(t,x)dx) = 4m95/2/_1 /_lg(L(x — y))dxdy =0, L — oo.



Riemann—Lebesgue: Spectral observation scheme

The solution of the stochastic wave equation (A = [0, 7]) can be represented through
harmonic oscillators:

B _ [tsin(VIk(t — s))
u(t,x)—%uk(t)ek(x), uk(t)—/o NG

dwi(s),

where ex(x) = /2/msin(kx); wy are independent Brownian motions and vy satisfies

du(t) = vi(t)dt,  dve(t) = —9k2u(t)dt 4 dwy(t).

10



Riemann—Lebesgue: Spectral observation scheme

The solution of the stochastic wave equation (A = [0, 7]) can be represented through

harmonic oscillators:

u(t,x) = 3 uk(t)ex(x), uk(t):/o Sin(%;_s))dwk(s),

keN

where ex(x) = /2/m sin(kx); wy are independent Brownian motions and wuy satisfies
du(t) = vi(t)dt,  dve(t) = —9k2u(t)dt 4 dwy(t).

Maximum likelihood estimator

o =V Ru()dw(®) L My
Iy = =9 - —,

Shir Jo Keuk(t)2dt I

My _Zkz/ (t)dwi(t), Iy ::Z/()Tk“uk(t)zdt.

with

10



Riemann—Lebesgue: Spectral observation scheme

The Riemann—Lebesgue lemma implies that

E </OT k2ui(t)dt>
2

= 1/OO(T —s)1 (s) sin2(\/5ks)ds — L lim 1 /L sin2(s)ds = Lz
=3 /. [0,7] > A =2

L—oo L
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Riemann—Lebesgue: Spectral observation scheme

The Riemann—Lebesgue lemma implies that

E </OT k2ui(t)dt>

= 1/OO(T —s)1 (s) sin2(\/5ks)ds — Lz lim 1 /L sin2(s)ds = Lz
=3 /. [0,7] > A =2

L—oo L
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Riemann—Lebesgue: Spectral observation scheme

The Riemann—Lebesgue lemma implies that
T
E (/ k2ui(t)dt>
0
1 00 . T2 . 1 L . T2
= 19/0 (T —s)1p,1(s) sin?(vV/ks)ds — > <th;o L/o sm2(s)ds> =15
=
\Y% (/ k%ﬁ(t)dt)
0
%) T T 9] 2
= / / (/ Ljo,ens)(r) sin(VOk(t — r)) sin(vVUk(s — r))dr) dsdt — 0.
o Jo 0
Theorem (Liu and Lototsky [2])

N32(Dy —9) & N(0,120T72), N — co.

11



Riemann—-Lebesgue: Local observation scheme

Local measurements

us(t) = (u(t,-), Ks)zgny, w5 (8) = (u(t, ), 67 2(K )shizay, vs(t) = (v(t, ), Ks),

12



Riemann—-Lebesgue: Local observation scheme

Local measurements
us(t) = (u(t, ), Ks)ognys U5 (8) = (u(t,-), 67 2(K)s) 2y, va(t) = (v(t,-), Ks),
satisfy the dynamics
dus(t) = vs(t)dt, dvs(t) = Jub(t)dt + | K| dW(t),

where (W(t),t € [0, T]) is a scalar Brownian motion.
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Riemann—-Lebesgue: Local observation scheme

Local measurements
us(t) = (u(t, ), Ks)ognys U5 (8) = (u(t,-), 67 2(K)s) 2y, va(t) = (v(t,-), Ks),
satisfy the dynamics
dus(t) = vs(t)dt, dvs(t) = Jub(t)dt + | K| dW(t),

where (W(t),t € [0, T]) is a scalar Brownian motion.

Augmented MLE

A uB(t)dvs(t) M T o T
19:0 g = 9+||K =0 I\/l::/ uB(t)dW(t), I:/ uB(t)3dt.
4 0T “(SA( ot | HL2(]R) Is 0 ; 5 ()dW(t), s ; 5 (1)

12



Riemann—-Lebesgue: Local observation scheme

T2 K'|I;
]E[52/5]—/ /Hs K" aqmydrdt - ——=,

13



Riemann—-Lebesgue: Local observation scheme

T2 K'|I;
]E[52/5]—/ /Hs K" aqmydrdt - ——=,

V(6%1l5) = /O /0 (/0 (St —r)K",S(67 (s — r))K”)Lz(R)dr>2 dsdt — 0, &§—0.
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Riemann—-Lebesgue: Local observation scheme

T2 K'|I;
]E[52/5]—/ /Hs K" aqmydrdt - ——=,

V(6%1l5) = /O /0 (/0 (St —r)K",S(67 (s — r))K”)Lz(R)dr>2 dsdt — 0, &§—0.

Plancherel theorem and the Riemann—Lebesgue lemma imply that

SZE[uf (t)ul(s)] 27”9/ /sm (t—r)VOw]) sin(6 7 (s—r)VO|w|)| F(K')[*(w)dwdr — 0.

13



Riemann—-Lebesgue: Local observation scheme

72| K|
E[a%]—/ /Hs K" aqmydrdt - ——=,

V(6°l5) = /O /0 (/0 (S0t —r)K",S(07 (s — r))K”)Lz(R)dr>2 dsdt =0, &—0.
Plancherel theorem and the Riemann—Lebesgue lemma imply that

SZE[uf (t)ul(s)] 27”9/ /sm (t—r)VOw]) sin(6 7 (s—r)VO|w|)| F(K')[*(w)dwdr — 0.
This can also be seen on the level of operators

L 42
IS5 )K" [y = 5l sin(0 ™V TBIK gy = 5 (sin? (6~ VTOIK', K iagay = .

13



Spatially varying setting

Consider the stochastic wave equation with the spatially varying parameter 9 : A — (0, c0):

D2 u(t,x) = Agu(t,x) + W(t,x), Agz:=div(dVz) te[0,T], xeAcCR",

14



Spatially varying setting

Consider the stochastic wave equation with the spatially varying parameter ¥ : A — (0, 00):

D2 u(t,x) = Agu(t,x) + W(t,x), Agz:=div(dVz) te[0,T], xeAcCR",

Theorem (Ziebell [5])

Under regularity conditions on 1, uy, vy and assumptions on the kernel K, the augmented

maximum likelihood estimator

A Jol uB, (£)dvs ()

J5(x0) == 6> 0,
( 0) fO (u6X )th

satisfies

TV e

X 22 5
57 (D5(%) = 9(x0)) 5 N (0 ‘MK”LR>



What is the influence of damping?

Consider the stochastic plate equation with unknown parameters 6,7, > 0:
NY/25-2(f5 — 6;)
N1/2(775 — )
NY/25-1 (05 — 6y)
NY7262(fs — )

(weak) dv(t) = (—01A%u(t) + nuv(t))dt + dW(t), ( > 4 N(0,%,),

(structural) dv(t) = (—01A%u(t) + mAv(t))dt +dW(t), ( ) 4 N(0,X5).

15



What is the influence of damping?

Consider the stochastic plate equation with unknown parameters 6,7, > 0:
NY/25-2(f5 — 6;)
N1/2(775 — )
NY/25-1 (05 — 6y)
N1/2571(ﬁ5 _ 7]1)

(weak) dv(t) = (—01A%u(t) + nuv(t))dt + dW(t), ( > 4 N(0,%,),

(structural) dv(t) = (—01A%u(t) + mAv(t))dt +dW(t), ( ) 4 N(0,X5).

Generalises to second-order stochastic Cauchy problems (Tiepner and Ziebell [4]) of the form
d2u(t,x) = Agu(t,x) + B,d:u(t,x) + W(t,x), te[0,T], xe€ACR,

with the elasticity and damping operators

q
Ap=> 0/(-D)%, a1>->0,20, By=> n(-A)%, Bi>->p>0.
: e

15



Riemann—Lebesgue: Discrete observation scheme

2 u(t, x) = IAu(t, x)+Wps(t, x), E[Ws(t, x) Ws(s, y)] = do(t—s)|x—y| ™%, x,y €RY, t,s>0.
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Riemann—Lebesgue: Discrete observation scheme

2 u(t, x) = IAu(t, x)+Wps(t, x), E[Ws(t, x) Ws(s, y)] = do(t—s)|x—y| ™%, x,y €RY, t,s>0.
Discrete observations
Spactial: (u(t,xx),k=0,....,n+1), xx=Xkp, peRI\{0}, |p|=1 A>0,
Temporal: (u(tj,x),i=0,...,m+1), t =40, >0,
Spacio-temporal: (u(tj, xk),i =0,...,m+1,k=0,...,n+1).
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Riemann—Lebesgue: Discrete observation scheme

2 u(t, x) = IAu(t, x)+Wps(t, x), E[Ws(t, x) Ws(s, y)] = do(t—s)|x—y| ™%, x,y €RY, t,s>0.
Discrete observations
Spactial: (u(t,xx),k=0,....,n+1), xx=Xkp, peRI\{0}, |p|=1 A>0,
Temporal: (u(tj,x),i=0,...,m+1), t =40, >0,
Spacio-temporal: (u(tj,xx),i =0,...,m+1,k=0,...,n+1).

Second-order variations of the solution process in space and time:

: lepk, lop k= u(t,xky1) + u(t, xk—1) —2u(t,xx), k=1,....n,
the,, e i = u(tiy1,x) + u(ti—1,x) —2u(t;,x), i=1,...,m,
Vip,te = ZZ 2o eyer Nepyteigk = ap (i) - Dap, el(Eima) — 2Map, k(i) 16

i=1 k=1



E(n*m™207 V72V, 1) < %/ sin*(aV0w/2) gsp (w)dw.
0



E(n*m™207 V72V, 1) < %/ sin*(aV0w/2) gsp (w)dw.
0

Idea: Use asymptotic properties of the Fejér type
)\2674

V(vsp) = ,/Rd " gsp(wlaw2)gsp,)\(wl)gsp,)\(w2)dwldw2;
52[3—6

V(Vie) = / IR N R
R4 JRI

6—2)\26—4
7V(Vsp,te)X/Rd L Fep(w1, w2)Fre(aVDwr, aVdws)

- sin*(aV/0|w1|/2) gsp(w1) sin*(aV/9|wa| /2) gsp (w2 )dwy dws,

nm3

with the Fejér type kernels

Fsp(wi,w2) = Fsp(p - (w1 + w2)) + Fsplp - (w1 — w2)),
Fte(wr, w2) = Fre(lw1| + |w2]) + Fte(|lwi| — |w2]),

K| m—|j|

k 1
Ssp . WbPJ(e Wsp k = = 7’ gte 0 Wteﬂe Wie,j = ﬁ e

|k|<n—1 J|<m—1 =1 17



Theorem (Tiepner, Trabs, and Ziebell [3])

Under suitable assumptions on the rate of convergence of 6, A\, « = 6/\, m, n:

2/B
,& ._ tCsp,]E 1@,‘ L Cte,]E
N R e - R T teem ~— \ T 5¢c3_3v7
SR p1NA2Y om m=25P=3V,, ’
1@" ) Cbox,sp,E é . Cbox,te,]E
box,sp,m,n -~— —T7 5 = box,te,m,n -— B
OX,Sp,m,n n 1m 2(5 ]'Aﬁ 2V5p7te7 ox,te,m,n n 1m 25ﬁ 3vsp7te

satisfy the central limit theorems

Vi(Depn — ) B N 0,02 SV ) o
’ (Gp)?

\/ﬁ(ﬁtc’m — ) 9N (07192 4Ciov ) ,  m— 00,

BthZEIE

Vm(Dpox s LN 0192M , Qa— 00
( box,sp,m,n ) ) )

(Cbox sp, IE)2

, 4Ciox
m(ﬂbox,te,m,n - 19) i> N <0 bo ,be, B ) , O — 0.

2C
B box te,E

)2/3
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